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Answer any three and each question carries 10 Marks

1. (i) Let X be an uncountable set and A be the collection of subsets A of X
such that A or X \ A is countable. Prove that A is a o-algebra and smallest
o-algebra containing the singletons.

(ii) Let f:R — R be a Lebesgue measurable function. Prove that f~!(B) is
Lebesgue measurable for any Borel set B (Marks: 5).
2. (i) Prove that the outer measure of an interval is the length of the interval.

(ii) Let A = QnNJ0, 1] and let {I,,} be a finite collection of open intervals covering
A. Prove that > I(I,) > 1 (Marks: 5).

3. (i) Prove that the interval (a,c0) is Lebesgue measurable (Marks: 5).
(ii) Prove that sets of outer measure zero are Lebesgue measurable (Marks: 2).
(iii) Prove that m*(AU B) = m*(B) if m*(A) = 0.

4. (i) Prove that a finitely additive and countably subadditive nonnegative real-

valued function p defined on a o-algebra is a measure provided (@) = 0.

(ii) If £ > 0 is a measurable function on a measure space (X, A, ) and [ f =0,
prove that f =0 a.e. (Marks: 5).

5. (i) Let (X, A, i) be a complete finite measure space. If f is a bounded measur-
able function, then [ f =sup{[ ¢ | ¢ < f and ¢ takes only finitely many values}.

(ii) Let f > 0 be a Lebesgue integrable function on R. Prove that

mxm({(z,y) |0 <y < f(2)}) = / F(@)dm(z) = / " b(t)dml()

where ¢(t) = m({z | f(z) >t} (Marks: 5).



